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ABSTRACT 
This paper gives a proof of the fact that the chromatic number of an orientable 
surface of genus p is equal to the integral part of (7 + ~/1 + 48p)/2 whenever the latter 
is congruent to 3, 5, 6, or 9 modulo 12. 
1. INTRODUCTION 
In the interests of brevity, it will be assumed that the reader is familiar 
with references [12] and [10]. The former develops the complete theory 
of quotient graphs and introduces the reader to the essential idea of a 
vortex graph, but only the last half of the paper need concern us. The 
first half shows that the existence of a quotient graph is necessary for the 
solution to certain cases of the Heawood conjecture and is irrelevant here; 
the second half shows that the existence of a quotient graph is sufficient, 
and therefore is most important. Reference [12], it is true, does not cover 
the complete theory of vortex graphs. Attention is confined to the case 
in which the index is 1. The theory is required here for index 3 soIutions 
and is developed in Section 3. Reference [10] is included mainly because 
a casual reading provides an easy introduction to rotations and circuits. 
In addition there are useful applications of the basic nomographic tech- 
niques of coil and zigzag diagrams. 
Having stated the prerequisites, uppose S~ is the closed orientable 
surface, or 2-manifold, ofgenusp. The Heawoodnumber of S~ is defined by 
[[ 7 + V/l + 48p.], 
H(p) 
2 J 
where Ix] is the largest integer not greater than x. 
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The Heawood conjecture is that 
x(S~,) = H(p) for p > 0, (1) 
where x(S~) is the chromatic number of St .  The conjecture has been 
confirmed, as announced in [7], and the solution is in 12 cases depending 
upon the residue class of H(p) modulo 12. 
The approach is via the complete graph conjecture. If K is any graph 
without loops and multiple edges, then y(K), the genus of K, is the smallest 
integer p such that K can be imbedded in S~. The imbedding is called 
minimal. If K can be imbedded in an orientable surface S so as to give a 
triangulation of S, then the imbedding is minimal; that is, y(K) is equal 
to y(S), the genus ors  [11]. Moreover (see [10]) 
6y(K) = 6y(S) ~- 6 -- 3% + cq, (2) 
where % is the number of vertices and c, 1 the number of arcs in K. 
If K,, is the complete graph with n vertices, and 
I(n) = i (n - -  3 ) (n - -4 )  f for n )3 ,  
t 12 t 
where {x} is the smallest integer not less than x, then 
7(K,) >~ l(n), (3) 
and the complete graph conjecture is that 
y(Kn) = I(n) for n >/ 3. (4) 
Case k of the complete graph conjecture isstatement (4) for n ---- 12s + k, 
0 ~< k ~< 11. If Case k of the complete graph conjecture is true, then the 
Heawood conjecture is true for those integers p such that 
H(p) =-- k(mod 12). 
(See [9],) This paper deal with Cases 3, 5, 6, and 9. 
The Euler formula does not rule out the possibility of a triangular 
imbedding in Case 3. We shall exhibit such an imbedding, and use (2) to 
obtain (4). 
In Case 5 a triangular imbedding of Kr, is impossible. However, K, -- K2 ; 
that is, K,, less the arc joining two vertices x and y of K, can be imbedded 
triangularly in a surface S, as we shall presently show. In this Case (2) 
implies that 
y(K.  -- 1(2) = I(n) -- 1. 
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But the two vertices x and y can certainly be joined by an arc on a surface T 
obtained by adding one appropriately placed handle to S. Thus 
y(K~) ~ y(T) = I(n), 
and because of (3), we have (4). 
In Cases 6 and 9, a triangular imbedding of K,~ is also impossible. 
However, if we select three vertices x, y, and z and delete from K,, the 
three arcs joining these vertices, thus obtaining the graph Ks -  K3, 
then we shall exhibit a triangular imbedding of the new graph in a surface S. 
Using (2) we find that 
y(K, ,  - -  Ka) = I(n) - -  1. 
Hence if we can add one handle to S and use it to connect x, y, and z to 
each other, then, as before, (3) will imply (4) in Cases 6 and 9. In contra- 
distinction to the transparent case with which the handle could be added 
in Case 5, it is not at all obvious that we can succeed in Cases 6 and 9 
where we have three rather than two vertices to join to each other. 
An alteration of the surface S so as to complete the argument is known 
as the i rregular, or addit ional  ad jacency  part of the problem. Obtaining 
the triangular imbedding is called the regular  part. The irregular part of 
the problem in Case 10, where Ringel [6] exhibits a triangular imbedding 
of Kn -- K3, is the same as in Cases 6 and 9. For the sake of completeness 
we reproduce Ringel's result. 
To this end, suppose K is a graph with at least four vertices 0, x, y, and z. 
K has no arcs (x, y), (y, z), (z, x) but does have arcs (0, x), (0, y), and (0, z). 
Now suppose that Kis triangularly imbedded in S. The imbedding provides 
a decomposition ofS, and it is convenient to consider the dual decomposi- 
tion, naming each cell by the vertex of K it contains. The cell 0 will then 
be adjacent o the three cells x, y, and z in one of two cyclic orders. We 
consider one of these orders in the top half of Figure 1, which is a partial 
picture of the decomposition of S. The argument to follow is independent 
of the choice in the order. The lower half of Figure 1 is a decomposition of a 
torus with five cells 0, w, x, y, z. Excise the cell 0 from the surface S and w 
from the torus. Identify the boundaries of the two surfaces in the obvious 
way, thus obtaining a new orientable surface T with y(T) = y(S) § 1. 
Any two cells which were adjacent c each other on S still have this 
property on T. Moreover, the cells x, y, and z are adjacent o each other 
on T. The dual of this decomposition of T therefore contains K and three 
additional arcs (x, y), (y, z), and (z, x). In Cases 6 and 9, let K above be 
K, -- K3, and we see that the additional adjacency problem has been 
solved. 
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From this point on we shall deal exclusicely with the regular part of the 
problem. Once we have exhibited triangular imbeddings of Kao~.._z, 
Ka2.~.-a -- K2, Kx,2~+6 -- Ka and K12s+ 9 - -  K a we will have proved (4) for 
Cases 3, 5, 6, and 9. 
2. CASE 3 
Case 3 was one of the earliest cases to be resolved. The first solution 
is due to Ringel [6]. A solution using quotient graphs was announced 
by Gustin [1], who provided an example for K12~+3 if s = 2. This section 
therefore'merely provides a new proof  of an old result. 
The vertices of K12~+a re identified by the elements of the additive 
group Zx~+a ; that is, the group of integers modulo 12s + 3. The subgroup 
of elements which are multiples of 3; namely 3r, k = 0 ..... 4s, is designated 
by [0]. The integers k = 1 ..... 4s are called quotients. 
This subgroup determines a difference group in the usual way. The 
adjective difference refers, of course, to the fact that the group operation 
in Z12~.a is addition. Because of terminology in the general theory we shall 
go against custom and call this group a quotient group and designate it 
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by Z12~+d[0]. It has three elements [0] and the cosets [1] and [2] generated 
by 1 and 2. If a ~- b(mod 3) then [a] = [b]. 
2.1. An Ill:tstrat&n 
To introduce the ideas, consider the Mtibius-type ladder-like current 
graph in Figure 2, where the two ends A are identified and the like is 
true of B. (Identification of the ends without such a twist yields a 
cylindrical-type ladder.) 
The currents are from the group Z12s+3 with s = 1, and, as usual, 
e(o) denotes a clockwise (counterclockwise) rotation at a vertex. 
I 7 I0 4 13 ] 
7 3 4 9 13,/ ~' 1 
~,] ~ q[12 -..--Co] 
: - - A B 
1 7 10 4 13 ) 
FIOURE 2 
The vertical arcs are called ordinary rungs (or simply rungs) whereas 
the verticals which have a globe in the center are called globular ungs. 
Note that 
I. Each vertex is of valence 3. 
II. The rotations determine xactly three circuits labeled [0], [1], and [2]. 
The circuits are displayed in Figure 3, but the reader is urged to redraw 
the graph and trace out the circuits, color coding them by using three 
different colors. 
A [ " "  "--~-~- . . . . . . . .  7. . . . . .  - 
9 .~ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  [0]  
. . . . . . . . . .  . . . . . . .  . . . . . . . . .  
h- j l  j /  
. . . . . . . .  . . . . . . . .  . . . . . . . . .  
. . . . . . . . . . . .  . . . . . . . . . .  
FIGURE 3 
It is the presence of three circuits which makes this solution, by definition, 
one of index 3. In all cases other than those considered in this paper 
we have solutions of index 1 to the regular part of the problem. 
Property II implies that, if the oriented arc ~ is in circuit [a], then ~-1 
(the arc with opposite orientation) must be in some circuit [b] which may 
be the same as [a]. We say that [a] meets [b] along o~. Hence [b] meets [a] 
along c~ -1. 
582/8/2-3 
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We now state a further property of the current graph to be checked 
immediately below. 
Ill. The currents assigned to the oriented arcs along which circuit [a] 
meets circuit [b] exhaust, without repetition, the non-tricial elements of  
the coset [b -- a]. 
In proving I I I  it suffices to check that: 
(i) Circuit [a] meets itself along four oriented arcs assigned the four 
non-trivial elements 3, 6, 9, 12 in the subgroup [0], where a = 0, 1, 2. 
(ii) Circuit [a] meets circuit [a + 1] along 5 oriented arcs assigned the 
five elements 1, 4, 7, 10, 13 of the coset [a+ 1 - -a ]~ [1], where 
a -- 0, 1,2. 
If  (ii) is true, then circuit [a + 1] will meet circuit [a] along the same 
five arcs but with opposite orientation, and hence assigned the five currents 
--1, --4, --7, --10, --13 of the coset [a -- a -- 1] = [--1] ---- [2]. 
In regard to (i) the circuit [0] meets itself along the two rungs, each 
with both orientations, and the assigned currents are 3 , - -3  = 12, 
9 , - -9 -= 6. Circuit [1] meets itself along the vertical arcs abo~'e the 
two globes, each with both orientations, and the assigned currents are 
6 , - -6  = 9, 12, - -12 = 3. Circuit [2] meets itself along the vertical 
arcs below the two globes, each with both orientations, and the assigned 
currents are as in the case for circuit [1]. 
Hence we obtain the non-trivial elements of the subgroup [0] as 
4-(3, 9) in circuit [0], 
4-(6, 12) in circuits [1] and [2]. 
We shall say that this is a type o~ solution. 
The reader is asked to check the three parts of (ii). 
An important consequence of I I I  is: 
II[*. Each element of  Z15 ~ 0 appears exactly once on some oriented 
arc in the circuit [a], a ---- 0, 1, 2. 
The successive currents found on the oriented arcs of the circuit [0] pro- 
duce a permutation 1, 13, 9, --4, --10, --3, 7, --1, --13, --9, 4, 10, 3, - -7 
of the non-trivial elements of Z15 9 Represent he elements - - i  above in 
positive form by 15 -- i and identify the permutation by [0], to get 
[0]. 1 13 9 11 5 12 7 14 2 6 4 l0 3 8. (5) 
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Similarly, from the circuits [1] and [2] we obtain permutations 
[1]. 14 7 8 5 9 4 10 6 11 2 3 1 13 12 
(6) 
[2]. 1 8 7 10 6 11 5 9 4 13 12 14 2 3 
Notice that the notation [1], for example may mean the coset [1], 
the circuit [1] or the permutation [1]. So as to avoid confusion, the 
appropriate noun will normally be used; when not, the context will make 
clear the meaning of the symbol. Since the cosets [1] and [7], for example, 
are the same, we could also have used the notation [7] to record the 
permutation [1] above, or, for that matter, the circuit [1]. 
We now introduce a basic 
ADD1TIVITY RULE. For each element i in the coset [a] define a permuta- 
tion i obtained from the permutation [a] by adding i to the successive t rms 
and making no change in the order. 
Wethus obtMn an array 
O. 1 13 9 11 5 12 7 14 2 6 4 10 3 8 
3. 4 1 12 14 8 0 10 2 5 9 7 13 6 11 
6. 7 4 0 2 11 3 13 5 8 12 10 1 9 14 
9. 10 7 3 5 14 6 1 8 11 0 13 4 12 2 
12. 13 10 6 8 2 9 4 11 14 3 1 7 0 5 
1. 0 8 9 6 10 5 11 7 12 3 4 2 14 13 
4. 3 11 12 9 13 8 14 10 0 6 7 5 2 1 
7. 6 14 0 12 1 11 2 13 3 9 10 8 5 4 (7) 
10. 9 2 3 0 4 14 5 1 6 12 13 11 8 7 
13. 12 5 6 3 7 2 8 4 9 0 1 14 11 10 
2. 3 10 9 12 8 13 7 11 6 0 14 1 4 5 
5. 6 13 12 0 11 1 10 14 9 3 2 4 7 8 
8. 9 1 0 3 14 4 13 2 12 6 5 7 10 11 
11. 12 4 3 6 2 7 1 5 0 9 8 10 13 14 
14. 0 7 6 9 5 10 4 8 3 12 11 13 1 2 
Note that the array (7) does not depend upon the fact that we have 
chosen to identify the permutations in (5) and (6) by [0], [I], and [2]. 
We could equally well have identified them, for example, as [3], [7], 
and [11]. 
Because of III* and the additivity rule: in row i, each element of 
Zx5 "~ i appears in the permutation. Thus the array is a scheme for KI~ 
(see [10]). 
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We propose to show that (7) is a triangular scheme and thus determines 
a triangular imbedding of 1(15 in an orientable surface. (See [5, 10].) This 
means that we must show rule A* of [10] is satisfied; that is, 
If in row i there is 
/ I .  1 i. ... :~k ' " ,  
lthen in row k one has 
I ~ k. ... i _~ -... 
A final property of the current graph guarantees that this is the case. 
IV. A t each vertex the sum of the inward flowing currents is" 0 hi Zr, s+3 , 
s = 1. We say that Kirchhoff's current law holds. 
In point of fact, properties I through IV show that Figure 2 is a quotient 
graph S(Zld[O]), and thus determines a triangular imbedding of K~5. 
(See [12].) It is a simple exercise, however, to snow directly that (7) has A* 
To this end suppose 
i. "" ~ k "" .  
Because of the additivity rule 
[ i ] . . . .e~- - i  k- - i .  
Now consider the circuit [i]. Without loss of generality we may assume 
that the rotation at the vertex which is terminal for the oriented arc in 
the circuit [i] carrying the current ~ i is clockwise. Because of I the 
situation around the vertex is as in Figure 4 with x and ~: to be determined. 
/? 
FIGURE 4 
k-L 
,[q 
Because of III, we conclude that k -  i - -x -  i (rood 3), hence 
[x] = [k]. Moreover, ~ -- i -- (k --  i) -- ~ ~ 0 (rood 15) by IV, hence 
s c = ~ -- k in Z15. Consequently 
[k]. . . . - - (k - - i )  ~- -k . . . ,  
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and by the additivity rule, 
k. 
Thus A * is established. 
"'" io~ " " .  
2.2. A Geometry for the General Solution 
The structure of the solution for s ) 0 is a M6bius-type ladder 
with 2s + 1 ordinary and 2s globular rungs. The ladder (in imitation 
of Figure 2) starts with two ordinary rungs at the left, and then alternates 
between globular and ordinary rungs, beginning and ending with globular 
rungs. Figure 5 depicts the general situation, and the graph obviously 
satisfies I of 2.1. It also satisfies II as can be seen by a simple, and therefore 
omitted argument. The coding of various arcs is made clear in 2.4. 
..- _ I  _'3""_ I _  
FIGURE 5 
2.3. The Distribution Problem 
We propose to distribute currents on the graphs of Figure 5 so that 
III and IV of 2.1 are satisfied. 
If this can be done then, the argument employed in 2.1 shows that we 
get a triangular scheme for, and thus a triangular imbedding of K12~+3 9 
Certain arcs in Figure 5 are already oriented, but only one rung (the 
first, at the left) has prescribed orientation. In what follows, let us exclude 
from the discussion the two horizontal arcs at the left--they occur again 
on the right, of course, since the ladder is of the MSbius type. 
2.4. The Sets D o , D~ , Ds 
Notice that the circuit [0] meets circuit [1] along, and only along, 
the 4s + I upper horizontal arcs of Figure 5, each oriented to the left 
and represented by a dashed, directed line. Define D 2 to be this collection 
of oriented arcs. 
The circuit [1] meets [2] along the 4s circular arcs (which make up the 
2s globes) each oriented so as to go around the globe in a clockwise 
direction. In addition, [1] meets [2] along the first rung oriented upwards, 
but nowhere else. These arcs are represented by dotted, directed lines, 
and constitute a set Do. 
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The circuit [2] meets [0] along, and only along, the 4s-~- 1 lower 
horizontal arcs, each oriented to the right and represented by an unbroken, 
directed line. Define D~ to be this collection of oriented arcs. 
In summary, a directed arc is in Dz, i = 0, 1, 2, if and only if the circuit 
[i -+- 1] meets [i + 2] along it, where i 6- l and i + 2 are reduced modulo 3. 
We wish to satisfy I I I  of 2.1, and hence the currents found on the 4s + 1 
arcs of Di must exhaust he 4s + 1 elements of the coset 
[ i+  2 - -  (i-+- 1)1 = [1], i=  0, 1,2. 
It is convenient to represent these elements in the form 
P~ = 3k -i- 1, k = 0 ..... 4s. (8) 
The illustrative example suggests that the P's be distributed over the 
arcs in D o , D I ,  and D 2 in the fashion indicated in Figure 6. 
. . .  , . .  
| P~ PJ kP ""'I'" 
FIGURE 6 
This means that we propose to make the distribution of currents 
on D1 determine the distribution on D2 and Do 9 
In particular we propose that the current on an arc of D 2 duplicate the 
current on the paired arc of D1 immediately beneath it. This is called the 
duplicate convention. 
Throughout his paper a basic principle is to distribute currents so that 
the duplicate convention is satisfied wherever possible. 
The solution to Case 3 to be offered has the additional attractive 
property that the current on each arc of D O is the same as the current 
assigned the nearest arc of D1 (and therefore, of  course, agrees with the 
current assigned the nearest arc of D2). This is called the triplicate 
convention. 
2.5. The Sets Ro, R1, R~ 
I f  the circuit [i] meets itself along an oriented arc a then it must meet 
itself also along the oppositely oriented arc. This fact makes it convenient 
to consider the undirected arc ] a [ and say that [i] embraces f a ]. 
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Define Ri to be the set of undirected arcs which are embraced by the 
circuit [i], i = 0, 1, 2. 
Upon examination of Figure 5 we see that R 0 is the collection of 2s 
unoriented ordinary rungs, while RI(R2) is the set of 2s arcs above (below) 
the globes. 
In the final current graph each arc in R 0 will appear with an assigned 
direction and an assigned current. In order to satisfy I I I  of 2.1, each 
assigned current must be a nontrivial element of the subgroup [0] and 
hence of the form 3r. The example of 2.1 suggests that we require the 
quotient r to satisfy 
1 ~ r ~ 4s. (9) 
Suppose ~o is the collection of 2s quotients which finally appears on 
the 2s arcs of R 0 . Since we are dealing with a current graph, an arc of Ro 
which appears in directed form with assigned current 3r, will contribute 
--3r as well as 3r to the permutation [0] obtained by recording the 
successive currents on the directed arcs of the circuit [0]. Because I I I  of 2.1 
is to be satisfied, this means that the set of elements ~3r,  r ~ ~'0 must be 
the same as the set of nontrivial elements in the subgroup [0]. I f  we 
interpret he quotients as elements of Z4,+1, an equivalent requirement 
is that the set :~r, r ~ N0 be Z4s+l ~ 0. Under these circumstances we 
shall say that ~o is a complete set of quotients for Z4~+1 "-~ 0. 
An obvious complete set of quotients is 
r -~ 1,..., 2s 
but though such a set is employed exclusively in cases 6 and 9 it does not 
yield the most elegant solutions in Cases 3 and 5. 
Given 1 ~< r ~< 4s, it is convenient o introduce the concept of the 
supplement of r, abbreviated to read sup r, and defined by 
Note that 
supr  =4s+ 1 - - r .  (lO) 
r :J= sup r, 
1 ~<supr  ~4s ,  
r+supr=0 inZ4s+l. 
I f  two quotients have the property that they are between 1 and 4s and 
their sum is 0 in Z4s+l, they are said to be supplementary. 
The sets ~1,  relative to R1, and ~'2, relative to R2, each has connota- 
tions entirely analogous to that of ~'o relative to R o . However, it is to be 
observed that the arcs in R1 and R2 appear in pairs, an arc of RI above 
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and one of R2 below each globe. If, in the final solution, the direction 
assigned to the two arcs of any pair are different (one up and the other 
down) then the fact that Kirchhoff's current law is satisfied in Zips+3 at 
the two vertices of the intervening lobe implies that the assigned currents 
must have supplementary quotients, say r and t. If the direction on the 
arc carrying current 3t is reversed (so that the directions are now the same), 
then the current in this new direction is -- 3t 12s + 3 -- 3t = 3 (sup t) = 3r. 
In short, it is no restriction to require that the directions and currents 
assigned to two paired arcs of R1 and R2 be the same. 
This means that we can, and shall, require that 
Finally, as with ~0,  the above sets must be complete for Zas+l ~ 0. 
2.6. The Comb 
Suppose we have a solution to the distribution problem of 2.3 
satisfying the triplicate convention. 
This means we have a "filled in" Figure 5 satisfying I I I  and IV of 2.1 
(in addition to I and II). Erase the upper two-thirds of the figure, the 
vertical arc of D o , and the horizontal arc to the left of it. What remains 
is a graph called a comb, with the 4s -~- 1 arcs of D1 constituting the base, 
and 4s teeth given by the arcs of R0 and R 2 . It is convenient to represent 
the 2s arcs of R2 by darker lines than those of  Ro 9 For example, the comb 
obtained from the illustrative example for s = 1 found in Figure 2 is 
found in Figure 7. 
3 6 9 12 
I I I 1 
FIGURE 7 
For general s the following properties of the assumed solution will be 
inherited by the comb. 
B1. The first horizontal current is Pa , the last is Pb , and 2Pa + Pb = 0 
in Z12~+3. 
(This is best seen by turning to Figure 6 and recalling that V is satisfied 
at the lower left vertex of the I-graph.) 
B2. The horizontal currents exhaust he set P~ , k -- 0 ..... 4s. 
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B3. The quotients o f  the currents on the dark (light) teeth are a complete 
set for  Z4~+1 ~ O. 
B4. Kirchhoff's current law holds at each vertex. 
Conversely, suppose that for some s we have a comb satisfying B1 
through B4. It is clear that we can now fill in Figure 5 using the triplicate 
convention and requiring that the direction and current assigned to each 
arc of R 1 is the same as that assigned to its mate in R~. Moreover, this 
filled in Figure 5 will be a current graph satisfying I through IV of 2.1. 
In short, given s, i f  we can construct a comb satisfying B1 through B4 
we obtain a triangular imbedding of  K12~+3. 
2.7. The Doubly Alternating Sequence 
Consider a comb satisfying B1 through B4. Write down the sequence 
of currents along the horizontal arcs (in the form Pk for 3k + 1) reading 
from left to right, and between two successive P's record the quotient 
of the current on the intervening tooth. It is convenient o print the 
quotients of currents on the dark teeth in bold face type. 
The result is called a doubly alternating sequence. For example, the 
doubly alternating sequence given by the comb in Figure 7 is 
P~ l P3 2 P13 P~ 4 P o. 
The sequence is called doubly alternating because not only do the terms 
alternate between P's and quotients, but also quotients between those 
printed in ordinary and those in bold face type. 
In recording the sequence we ignore the direction of the currents on the 
teeth and hence, apparently, we lose some information. It will be seen 
that this is not the case. 
The sequence will inherit some properties from the comb and these 
are, respectively: 
S1. The sequence begins with P , ,  end with P~ and 2P a @ Pb = 0 
in Z12s+3. 
$2. The P'  s exhaust he set Pk , k = 0 ..... 4s. 
$3. The ordinarily printed quotients are a complete set for Z~s+l ~'~ O, 
and the same is true of  the quotients in boldface type. 
The reflection of B4 in the sequence is not as obvious, but, as we shall 
see directly, is 
$4. I f  Pu r Pv is a triple in the sequence, then, regardless of  the type in 
which r has been set, r = F u - v l or sup l u - v [. 
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If P~ r P~ is a triple in the sequence, this means that, on the comb, the 
horizontal current 3u § 1 is to the left of 3c -- 1 and the current on the 
intervening tooth is 3r, but we do not know whether it points up or down. 
However, we do know that 
0 ~u~4s ,  
O~v~4s ,  
1 ~r~.4s .  
First suppose that 3r points down. Since Kirchhoff's current law is 
satisfied at the vertex, 
3u+ 1 + 3r - -  3v - -  1 ~0mod 12s+ 3 
or  
r------- v - -  umod4s  + 1. 
This means that: 
i fu <vthenr  = v - -u= lu - -v ; ,  
i fu >vthenr=4s+ 1 - - (u -  v) =sup lu -  v[. 
If 3r points up, then 
Hence, 
supr  ~v- -  umod4s+ 1. 
i fu <vthenr= sup!u - -  v'~, 
i fu >vthenr= l u - -v l .  
Conversely, suppose we have a doubly alternating sequence 
P~ "" Pu r P~ .-- Pb (11) 
satisfying S1 through $4. We shall show that we can construct a comb 
satisfying B1 through B4. 
First attend to the geometry by constructing a comb in which 2s light 
teeth alternate with 2s dark teeth, the left most tooth being light. Direct 
each of the 4s § 1 horizontal arcs to the right. Moving from left to right, 
assign currents to these arcs as given by the sequence of P's in (11). 
Similarly record the sequence of quotients multiplied by 3 above the yet 
undirected teeth. The currents given by quotients printed in bold face type 
will automatically be found on dark teeth. 
DIRECTION RULE. Consider any tooth and suppose that the current 
recorded above it is 3r. Suppose that the horizontal current to the left 
of the tooth is P~ and to the right, P,,. Then Pu r P, is a triple in (I1), 
andS4 impl ies that r= Tu-v forsupTu-v! .  
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First supposer = l u - -  v i: 
if u < v direct the tooth down, 
if u > v direct the tooth up. 
Next suppose r ----- sup i u --  v ]: 
if u < t, direct the tooth up, 
if u > v direct the tooth down. 
With the above assignment of directions it is easy to see that the comb 
satisfies B4. It obviously satisfies B1, B2, and B3. 
In summary, therefore, the problem of obtaining a triangular imbedding 
of K~2~+3 has been reduced to the problem ofifinding a doubly alternating 
sequence (11) satisfying S1 through $4. 
2.8. Solutions 
TYPE ~. First, in imitation of the illustrative example in 2.1 for 
s = 1, let a ~ 2s and b = 0. Note that 2Pa + Pb = 0 in Z12.~+3 9 The 
following sequences for s = 2 and 3 satisfy S1 through $4, and thus 
solve the imbedding problem. 
P41 P52Pa3P64P~5P76s  
P61 P72 P~ 3 Ps 4 P45 P96 Pa 7 Plo 8 P2 
9 Pl110 P111 P1212 Po. 
The generalization for any s is obvious. First record the 2s + 1 terms 
P2s P2s-1 P2~-2 "'" P2 PI Po. (12) 
Dovetail the 2s terms 
P2s+l P2~+2 P2s+a "'" Pas-1 P4s 
with the elements of  (12). In the 4s places between the successive P's  
record 
123456. . .4s - -  14s. 
Notice that ~0 = {1, 3, 5, ... 4s --  1} while ~?1 = ~tz = {2, 4, 6, ... 4s} 
and both are complete sets for Z~+I but have no elements in common. 
This completes our first solution for Case 3. We shall investigate other 
solutions in preparation for the much more difficult task awaiting us in 
eases 6 and 9. 
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TYPE ft. Let a -- 0 and b -- 4s. Again 2Pa-.- Pb -- 0 in Zl~+a. 
The following sequences for s = 2 and 3 satisfy S1 through $4. 
Po7P75P23Ps1Pa  1 Pa3PG5P17P8,  
Po 11 Pn  9 P27 P95 P.j 3 P71 P61 P~ 3 Ps 
5Pa7P1o9P I I l P le .  
Again, the generalization to arbitrary s is obvious and we shall not dwell 
on it, except to mention that ,~o = ~1 = .~e = {1, 3, 5, ." 2s -- 1}. 
An attractive feature of both solutions is that r = i u -- t'] for each 
triple P~ r P~ in the sequence. This make $4 very easy to check. 
2.9. Coil and Zigzag Problems 
There is a simple nomogram which is a great help in obtaining 
appropriate doubly alternating sequences. 
To introduce the ideas, let us examine the type ~ solution for s = 2. 
Consider a horizontal P-axis with the integral positions from P = 0 
to P 4s = 8 marked by dots. Each dot P = u is to represent he 
current Pu 9 
The sequence under scrutiny begins with the triple P~ I P~. Draw an 
arch under the P-axis from P4 to Pa to represent the triple P~ I Ps.  The 
sequence continues with P~ 2 Pz,  and this triple is represented by a dark 
arch (to represent he fact that 2 is in bold face type) above the P-axis 
from P = 5 to P = 3. Continuing in this fashion we obtain an alternating 
coil which terminates in a dark arch from P 8 to P - -  0. (The term 
alternating refers to the fact that the light and dark arches alternate, 
starting with a light arch,) 
It is convenient o represent he starting point of the coil by a small 
open circle (o) and the terminal point by an arrow (;). It is useful to 
label each arch by the quotient in the triple it represents. Thus the final 
diagram in the case under consideration is found in Figure 8. 
P-O 1 2 3 4 5 6 7 8 
FIGURE 8 
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An equivalent alternating zigzag diagram is simply the coil "stretched 
downward," so to speak, so as to give Figure 9. 
P=O 1 2 3 4 5 6 7 8  
1 
13 
J 
~ I 
L_~ 7 
FIGURE 9 
Borrowing further terms from architecture, we refer to horizontals 
in a zigzag diagram as steps and the verticals as risers. 
The diagrams in Figures 8 and 9 are called simple spirals. 
I f  an arch in a coil diagram joins P = u and P = v (or a step has its 
end points under P = u and P ~ v) we say that the length of the arch 
(step) is I u -- v I. 
If two successive arches of a coil contain the point P = u (two successive 
steps of a zigzag share a riser under the point P = u) then we shall say 
that the coil (zigzag)passes through P ~ u. 
The properties S1 through $4 of a doubly alternating sequence (11) 
are reflected in properties of the derived alternating coil (or zigzag) 
diagram. (It is well to keep an eye on Figures 8 and 9.) 
ZI.  The coil (zigzag) begins at P = a, terminates at P ~ b and 
2Pa 4- Pb = 0 in Z12~+~. 
Z2. The coil (zigzag) passes through each point P = 0 ..... 4s except 
P= a and P ~-- b. 
The coil, of course does not pass through any dot twice, nor do two 
risers appear below the same value of P; but this is guaranteed by the 
next two properties 
Z3. The labels on the light arches (steps) are a complete set for  Z4.~+1 ~ O, 
and the same is true of  those on the dark arches (steps). 
Z4. The label on an arch (step) of  length )~ is either ~ or sup 2. 
In the illustrative xample (Figures 8 and 9) the label on each arch (step) 
agrees with the length, but this is due to the already observed fact that 
the doubly alternating sequence from which it was derived satisfies $4 in 
the fo rmr  • [u - -v l .  
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Conversely, suppose that for some s we are given an alternating coil 
(zigzag) satisfying Z1 through Z4. It is obvious that we can retrace our 
steps and manufacture a doubly alternating sequence (11) satisfying 
S1 through $4. 
Hence the imbedding problem for K12~+a has been further reduce to the 
problem of finding an alternating coil or zigzag diagram satisfying Z1 
through Z4. 
An Example for s = 3. Consider the alternating coil in Figure 10 or 
the equivalent alternating zigzag of Figure 11. 
P=O 1 2 3 4 5 6 7 8 9 10 I1 12 
F~C, URE 10 
P=O l 2 3 4 5 6 7 8 9 10 11 12 
I1 o- 
t 7 
5 ] 
I 3 
~, 3 
] 
9 i 
F IGURE l I 
The coil (zigzag) satisfies Z1 through Z4 with a = 0 and b = 4s. 
In fact, the doubly alternating sequence read off from the coil or zigzag 
is simply the type/3 solution for s = 3 found in 2.8. 
(It may be of some interest o learn that the "double spiral" of Figure 10 
--without the alternating requirement--has proved basic in the solution 
to Cases 2 and 11; see [I0].) 
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The advantage to the coil or zigzag approach is that it is easy for the 
eye to check Z1 through Z4. Computation is required only if a label and 
a length are in disagreement; then the label must be the supplement of 
the length. 
There is the further advantage that patterns are more easily observed, 
and the generalization to arbitrary s is then usually obvious, as it certainly 
is from Figures 10 and 11. 
In order to avoid difficulties in drafting, we deal entirely with zigzags. 
2.10. The Matching Problem 
Consider the zigzag diagram of Figure 12 for s : 2, a = 0, b : 4s, 
P=012345678 
4 
o 
h 
FIGURE 12 
This is not an alternating zigzag. If we darken the 2nd, 4th, 6th, and 
8th steps in an attempt o make it alternating, then we are in trouble. 
The labels on these steps are 3, 1, 1, and 3, respectively, and the set of 
labels {1, 3} is certainly not complete for Za,+I 9 However, the first four 
labels form a complete set, and the same is true of the last four. This 
fact enables us to obtain a solution (even though the zigzag is not 
alternating) by using a further idea which is crucial for solutions in 
cases 6 and 9. 
First note that the zigzag has ZI, Z2, and Z4. For each label r darken 
either one of the two steps so labeled, r ---- I, 2, 3, 4. Now Z3 is satisfied. 
It is convenient to darken the first four steps, and the discussion will 
continue under the assumption that we have done so. 
Now write down the alternating sequence (of P's and quotients) given 
by Figure 12, setting the first four quotients in bold face type, since they 
are labels on darkened steps. This gives 
Po 4 P4 3 P1 2 P3 1 P2 4 P6 1 P7 2 P5 3 P8 9 
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The alternating sequence satisfied SI through $4 but is not doubly 
alternating. Nevertheless, we can construct the associated comb, and 
then, abandoning the triplicate convention of 2.4 (in regard to currents 
on globes) but clinging to the duplicate convention (in regard to currents 
on the directed arcs of D~ and De) we get a partially filled in current graph 
shown in Figure 13 with currents from Zev 9 
25 I 13 4 10 7 i9 22 16 25 
. . . .  . . . .  . . . .  T . . . .  T . . . .  r . . . .  T 
: . . . .  " " ."  ' . o . "  
25 1 13 4 10 7 19 22 16 25 
FIGURE 13 
The graph has I and II of 2.1. Moreover, by construction it has I l l  and IV 
where these properties can be checked. 
Currents are missing from the directed arcs of Do on the globes because 
we had to abandon the triplicate convention. The current P0 = 1 is found 
on the only vertical arc in Do, and in order to satisfy I I I  we must distribute 
the remaining 4s =- 8 currents /~o, P1, P2 ..... P4~ Ps in the coset [1] 
among the 2s = 4 globes. In order to satisfy IV the distribution must 
be made in such a way that Kirchhoff's current law is satisfied at each 
vertex on the globes. 
Once this subsidiary distribution problen~ is solved, then we shall have a 
current graph satisfying I through 1V and thus achieve a solution to the 
imbedding problem for s = 2. 
It is convenient o call the quotient of a current which is on an arc 
below a globe a globular quotient. 
We shall now show that the subsidiary distribution problem is equivalent 
to the following: 
MATCHING PROBLEM. With each globular quotient r match an unor- 
dered pair of currents (PUP,,) so that: 
M1. Each P in the set Po , P1 ..... P4~ -- P~ appears exactly once as an 
element o f  a pair. 
M2. I f  (P~P~) is matched with r then r = [ u -- v ] or sup [ u -- v ]. 
Suppose we have a solution of the matching problem. Consider any 
arc below a globe and suppose the current on it is 3r. A pair (P,P~) is 
given as matched with r. 
We shall state a placement rule selecting which element of the pair 
(P~P~) is to be assigned to the arc of D o to the right of the vertical. The 
other element is assigned to the arc to the left. 
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PLACEMENT RULE: 
If r ----- I u - -  v I and 3r points up, assign the smaller current; 
3r points down, assign the larger. 
If r ---- sup I u -- v I and 3r points up, assign the larger current; 
3r points down, assign the smaller. 
Because of M2 we can always place the currents and it is easy to see 
that Kirchhoff's current law is satisfied at both vertices on each globe. 
Hence the completed current graph satisfies IV. Because of M1 it also 
satisfies III. 
(The converse of the proposition is almost rivially true and unimportant 
for our purposes.) 
We offer two solutions to the matching problem associated with 
Figure 13. Here a = 0 and the globular quotients are 1, 2, 3, 4. 
FIRST SOLUTION. l(P4Ps); 2(P1Ps); 3(PsP6); 4(P2P7). For r = 2 and 4 
we hayer= sup ju - -v l ,  e l sewherer= lu - -v l .  
SECOND SOLUTION. I(P1P2); 2(PAP6); 3(PsP8); 4(P3PT). Here 
r = [u - - t ,  l inal lcases. 
Let us use the first solution and the placement rule to fill in the unknown 
parts of Figure 13. The new material is displayed in Figure 14. 
12 9 6 3 
22" ..I.. 19, "''I''" 25,'"I"'" 16f..I... 9 . . "-o . ".. . 
:. . :7 :.. .:10 '. . ."~ % ~."13 
'T l l 'l 
12 9 6 3 
FIGURE 14 
Thus we have achieved yet another triangular imbedding of g12s+3, 
s=2.  
2.11. The Chord Problem 
It was noted in 2.5 that an obvious complete set for Z4s+l was 
r ----- 1 ..... 2s (13) 
and, though other complete sets were used for purposes of obtaining the 
elegant ype a and/3 solutions of 2.8, we shall now restrict all quotients 
to the set (13). 
582]8/2-4 
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The zigzag of Figure 12 for s -- 2, a -- 0, b = 4s can obviously be 
generalized. There will, at the start, be a simple zigzag using steps with 
lengths of 2s, 2s - -  1, 2s - -  2 ..... 1; then a step of length 2s to the right; 
finally a simple zigzag using steps of length 1 (to the right), 2, 3 ..... 2s - -  1. 
Each step is labeled by its length. Darken the first 2s steps. This will 
give us all the labels in (13). 
The geometry of the problem (Figure 5) tells us that all the arcs of R e are 
found under globes. Hence the globular quotients in a solution must be 
the set (13). Thus the globular quotients (which are crucial in the matching 
problem) are determined irectly from the geometry and #1dependent of the 
above or any other solution to the zigzag problem with a = 0, b - 4s. 
A simple nomogram is of great help in solving the matching problem. 
Place 4s + 1 points P -- 0 ..... 4s equidistantly on a circle. (This is 
consonant with the fact we are concerned with Z,,_ 1 in respect to the 
subscripts of P~, k = 0 ..... 4s.) 
If P = u and P -- c are joined by a chord (uv), define A(uc) the lengtk 
of the chord, to be the smaller of the numbers i u -- i" i and sup u -- v !. 
Thus )(u, v) ~ 2s. 
It is easy to see that the matching problem of 2.10 is equivalent o the 
following 
CHORD PROBLEM. For each globular quotient r draw an associated 
chord (uv) so that: 
C I. Eack point  P = (), 1 ..... 4s is an end point o f  exact ly  o11e ckord. 
C2. Dr (uv) is tke ckord associated witk r tken r ~ A(u, c). 
(If r were not restricted to the set (13) we would have to permit 
r = sup )(u, v) as a possibility.) 
In solving a chord problem it helps in the discovery to cross out the 
point (or points) to be avoided in accord with C1. Usually it also helps 
to flatten out the circle and place the crossed out point or points in a 
geometrically strategic position. The flattened out circle is displayed 
in Figure 15 for general s, and two solutions are given to the chord 
problem "in Figures 16 and 17. Chord lengths are displayed adjacent o 
the chords. 
0 ! 2 3 s 
X 9 9 9 9 
4s 4s-1  4s -2  3s+1 
s+l  2s -2  2s-1 25 
3s 2s+3 2s+2 2s+1 
FIGURE 15 
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First solution, s ~ 1. 
197 
x I, 
F~GURE 16 
Second solution, s >/2. 
1 
x 
/ ,  7", /  
2s- I  
FIGURE 17 
Reading off the data from the first (second) solution for s = 2 we get 
the first (second) solution to the matching problem in 2.10. 
In summary, we have obtained yet another triangular imbedding 
of Klz~+3 by solving a (non-alternating) zigzag problem and a chord 
problem. In fact, the solutions are legion. We can select either one of the 
two steps labeled r = 1 ..... 2s in the zigzag and darken it. This determines 
the position of the globes in Figure 5 and provides currents on all arcs 
---except hose of Do on the globes--exactly as in the illustration for 
s = 2 in 2.10. We can now use either of the two solutions to the chord 
problem to fill in the currents on the arcs of D o on the globes as in 2.10. 
2.12. Exercises 
Before going on to Case 5 it may help the reader to consider other 
solutions for Case 3. In each problem a and b must be selected in advance 
so that 2Pa-+-Pb = 0 in Z12s+3. In fact, it is not necessary that the 
vertical arc of D o in the I-graph of Figure 6 have the same current as the 
arc of D 1 at the upper right. I f  we let Pc be the current on the arc of D o 
then what is required is that Pa § P~ q- Pc = 0 in order to satisfy IV. 
We shall provide no exercises of the latter type, but the reader may wish 
to experiment. A selection of currents on the I-graph provides us with 
what is called the predetermined part of the current graph. 
In all the zigzag problems, the labels to be used are 1 ..... 2s, each twice; 
and for the purposes of the chord problems, the globular quotients 
are 1 ..... 2s. 
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(1) Let a . -2s ,  b -  O. There is an attractive and easily discovered 
solution to the zigzag problem. The chord problem requires that the 
point P- -a -  2s be crossed out. Either of the solutions found in 
Figures 16 and 17 can be used. Rename the points by adding 2s, modulo 
4s + 1, to the old designations. This brings the crossed out point 2s to 
the upper left of the diagrams, and the existing chords solve the problem. 
The device employed is an indication of the meaning of the comment 
in 2.11 in regard to placing the crossed out point in a geometrically 
strategic position. 
The solution of the zigzag problem in the next two exercises is rather 
difficult. The chord problem is solved as above with reference to 
Figures 16 and 17. 
(2) a=s ,  b= 2s. 
(3) a= 3s, b= 2s-ti 1. 
3. CASE 5 
The first solution is due to Ringel [5, p. 200], who found a triangular 
scheme for K12~+s -- Kz in 1959. In fact, this was the first case of the 
Heawood conjecture to be solved, though it is by no means the simplest. 
This astonishing fact was noted in [12], and more recently explained by 
Ringel. He was trying to find a triangular imbedding of K1~.~+5 -- K 2 in a 
non-orientable surface, and the discovery of a triangular scheme giving an 
imbedding in an orientable surface came as an accidental by-product! 
The theory and techniques developed in solving Case 3 make the solution 
to Case 5 quite simple. We use the symbols x and 3' to designate the 
two exceptional vertices of K12s+ 5 - -  K 2 which are not joined by an arc, 
and the elements of Z12.~.a to represent he other vertices. Our object 
is to obtain a triangular scheme for K l~a -- K2 consisting of 12s + 3 rows 
identified by numbers 0..... 12s § 2, and two rows identified by the letters 
x and y. In each row identified by a number i all the elements of Z~2~+a ~ i 
will appear, and, in addition, the letters x and y. The two rows identified 
by letters will be permutations of Z12~,3. The triangular scheme for 
Kr,,+~ -- K~ gives a triangular imbedding of the graph in an orientable 
surface and, as explained in the introduction, solves Case 5. 
3.1. An Illustration 
The geometry of the solution is the same as that for Case 3. The 
illustration is for s = 1 with currents from Z12~+3 9 Note that the letters 
x and y identify the vertices at the left of Figure t8. 
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7 x 1 13 4 10 7 
A ~,, C - - - . - . . . -~- -~ . . . . . . . . . .  ~ . . . . . . . . . .  ~ . . . . .  - , I -  . . . .  ~ . . . .  -.,t B 
i / .. 9 / 
~l t12 ~3L )4 T6 ~o~ 27 
E, -i L "F I 
7 y I 13 4 10 7 
F IGURE 18  
It is easy to see that conditions I, I[, and I I I  of 2.1 are satisfied, while IV 
holds in the following modified form 
IV.* With the exception of the vertices identified by letters, Kirchhoff's 
current law holds. 
In regard to the exceptional vertices we observe the following facts. 
V. Each vertex identified by a letter has the following properties: 
(1) Each circuit passes through the vertex. 
(2) The sum of the inward flowing currents at the vertex generates 
the subgroup [0]. 
A vertex at which V holds is called a vortex. 
The successive currents found on the oriented arcs of the circuit [0] 
produce a permutation of Z15 ~ 0 as in 2.1. We augment this permutation 
by inserting the letter x(y) in a natural place, namely, between the elements 
of Z15 ~ 0 given by the two arcs of the circuit [0] which share the 
vertex x(y). Thus x is inserted between 1 and --7 = 8, and y between 
--1 = 14 and 7 in the permutation [0]. This augmented permutation is
still designated by [0]. We augment the permutations [1] and [2] in the same 
way, and record the results around the letters. 
[0] . . - .  1 x 8 ... 14y 7 ". 
[ l ] . . . .  8 y 1 x 14 ... 
[2]. . . .  7x  14y 1 ... 
Now use the additivity rule of 2.1 to get part of a permutation identified 
by the element i for each i ~ Z15 . The additivity rule says nothing about 
the placement of the letters and we augment i by stating that adding i to a 
letter leaves the letter unchanged. 
We display part of the array achieved in this fashion. 
0 . . - -  l x  8 . . .14y  7-.-  
3 . . . .  4x l l  ... 2y10 . . .  
6 . . . .  7x14 . - .  5y13 . - -  
9 . . - -10x  2. . .  8y  1-.- 
12.. . .  13x 5. . .  l l y  4 . . .  
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1. . . .  9y  2x  0. . -  
4 . . . .  12y 5x  3-. .  
7 . . . -  Oy 8x  6""  
10.. . .  3y l lx  9. . .  
13...- 6y14x12""  
2 . . . .  9x  ly  3. . -  
5 . . . .  12x 4y  6.- .  
8. . "  Ox 73' 9 . . .  
11. -.. 3x lOy12. . "  
14... .  6x13y  0. . .  
We now augment he array by adding two permutations (identified 
by x and y) of all the elements in Z15 9 Thus we get a scheme for/s -- K2. 
These permutations are manufactured so that rule R* holds (see [5]). 
The rule refers to a scheme and states that if in row i the permutation 
contains the ordered triple , k/3 then in row k the permutation 
contains/3 i a. A scheme satisfies R* if and only if it satisfies A* of 2.1 
(see [10]). 
The augmentation proceeds as follows. The array contains 0.... 1 x 8 " - .  
Since R* is to be satisfied in the permutation x it must contain the ordered 
triple 8 0 1. We have 1. --. 2 x 0 . - ' ,  hence x must also contain the ordered 
triple 0 1 2. We conclude that x contains 8 0 1 2. Proceeding in this 
fashion we obtain 
x. 8 0 1 2 9 10 11 3 4 5 12 13 14 6 7 
Let us write the permutation i five rows of triples to get 
x. 8 0 1 
2 9 10 
11 3 4 
5 12 13 
14 6 7 
The manufactured permutation y, when similarly displayed, is 
y. 7 0 14 
13 6 5 
4 12 11 
10 3 2 
1 9 8 
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In this form it is easy to see the role played by V in manufacturing 
these permutations. Because of III and V (1) the triple in the permu- 
tation [a] containing x in its center must have an element of the coset [1] 
on one side and one from the coset [2] on the other, a =- 0, 1, 2. If the 
sum of the inward flowing currents is d (in this case 9), then after manu- 
facturing the first triple in the permutation x from data supplied by row 0 
of the array, we obtain the successive triples by adding d. Because 
of V (2), d generates the subgroup [0], and this now ensures that all the 
elements of Z15 are in the permutation x.
The augmented array, which is a scheme for K17 -- K~, is a triangular 
scheme in consequence of IV* (see the discussion in 2.1) and V. The 
imbedding problem is therefore solved for Kx2~+5 -- K2 if s = 1. 
3.2. The General Solution 
The geometry for arbitrary s is the same as in Case 3 (see Figure 5). 
The predetermined part of the current graph is a trivial modification 
of the I-graph in Figure 6--name the upper vertex x and the lower 
one y. 
In complete analogy with the solution in Case 3, if we wish to obtain 
a solution subject o the triplicate convention, we need to find an alter- 
nating zigzag satisfying Z2, Z3, Z4, and Z1 changed only by requiring 
that 2P~ ~- P~ generates the subgroup [0], so that x and y are vortices. 
This will guarantee that we can fill in the current graph so that I, II, III, IV* 
and V are satisfied and, as in 3.1, give us a triangular scheme 
for Ka2s+5 --/('2. 
If a = 0 and b = 2s, then 2Pa § Pb = 6s § 3, which generates the 
subgroup [0]. Note that the zigzag must start (terminate) at P-----0 
(P ---- 2s) where the zigzag for the type a solution in case 3 terminated 
(started)--see 2.8. Simply reflect the earlier zigzag (see, for example, 
Figure 9) about its central horizontal line and darken the steps with odd 
labels. The result is an alternating zigzag which solves case 5. In effect, 
we "reverse" the earlier zigzag. 
If a = 4s and b = 0, then 2Pa + Pb = --3 in Zj2s+3, and certainly 
generates [0]. In the type fi solution for Case 3 (see 2.8) we had a = 0 
and b = 4s. Hence again, reversing the zigzag (see, for example, Figure 11) 
and darkening the appropriate steps we get an alternating zigzag which 
provides another solution. 
If we abandon the triplicate convention, but retain the duplicate 
convention of 2.4, the solution in 2.10 to the zigzag problem when 
reversed gives us another solution for Case 5 with a = 4s, b = 0. The 
chord problem is solved by Figures 16 or 17. 
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The same remark holds in regard to exercises (1) and (2) of 2.12. If we 
wish to reverse the zigzag in excercise (3) we find a ~ 2s ~- 1 and b ---- 3s, 
which gives 2P~ 4- Pb ~- -9s - -6 .  Unfortunately this generates the 
subgroup [0] if and only if s =~ 1 mod 5, and hence is not an adequate 
choice for a and b in Case 5. 
4. GENERAL COMMENTS 
We have explored Cases 3 and 5 in great detail, and it is now possible 
to suggest, in general terms, some guiding principles for all cases con- 
sidered in this paper. 
The group employed in Z3,~, with n = 4s § 1 in Cases 3, 5, and 6, 
and n = 4s + 2 in case 9. The solutions of the regular part of the problem 
(see 1) for the graphs to be triangularly imbedded are all of index 3 
(see 2.1) and as a consequence of [12, Theorem 10] no solutions with 
smaller index are possible. 
In all cases there is a subgroup [0] consisting of the elements of Za,~ 
which are multiples of 3. Hence there are also cosets [1] and [2], and the 
elements in [1] are denoted by Pk ~ 3k § 1, k = 0 ..... n -- 1. 
In general terms, the method of attack is as follows: 
1. Determine a suitable geometry in terms of a ladder-like graph. 
This means not only that we must have I and II of 2.1 satisfied, but we 
must have n directed arcs in each of the sets Do, D1, D2 (see 2.4) so as to 
accommodate he n currents from the coset [1] and so satisfy I I I  of 2.1. 
(The arcs in these sets will be coded as in 2.4.) In addition, in the first 
three cases we must have 2s arcs in each of the sets R 0 , R1, R2 (see 2.5) in 
order to accommodate the currents • r = 1 ..... 2s and satisfy III. 
In regard to Case 9, there is an element 6s 4- 3 of order 2 in the 
subgroup [0]. This means that each circuit must contain a singular arc 
(or loop) with current 6s 4- 3 (see [12]). In addition to a singular arc, 
each of the sets R0, R1, R2 in Case 9 must have 2s arcs in order to 
accommodate he currents --3r, r = 1 ..... 2s. 
2. Currents on part of the ladder-like graph are predetermined. For 
example, see the I-graph in Figure 6 and recall that a and b are predeter- 
mined so that 2P, § Pb is 0 in case 3, and generates the subgroup [0] in 
case 5. From the geometric point of view, the parts of the ladder with 
predetermined currents need not be connected. However, each component 
will have a pair of horizontal arcs at the left and a pair to the right; these 
are called ends, and the remaining arcs are said to be inside. Thus in 
Cases 3 and 5 the predetermined part is connected, and has one arc inside. 
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Excluding the predetermined part, the ladder will consist exclusively of 
ordinary and globular rungs. 
In deciding upon the predetermined currents, the duplicate convention 
is enforced wherever possible, and is mandatory on the ends. Moreover, 
if a current P~ appears on an arc of D1 inside the predetermined part it 
must also appear on an arc of D2 therein. This is because outside the 
predetermined part the arcs of Dt and D 2 will appear in pairs on the 
sides of the ladder and, because of the duplicate convention, must carry 
the same current. Similarly, if a current 3r appears on an arc of R~ in 
the predetermined part it must also appear on an arc of Rz therein, because 
elsewhere the arcs of R 1 and R 2 appear in pairs (above and below each 
globe) and Kirchhoff's current law implies that these pairs must carry the 
same current. 
An expeditious predetermined part is often hard to find, but always 
leads to: 
(i) A zigzag problem with given initial and terminal points, crossed 
out points representing currents used on arcs of D~ and D2 inside, and a 
set of labels to be used on the steps in accord with Z4 of 2.9. It may also 
impose the condition that a step with specified label span a pair of specified 
points. (This occurs in Case 6 where the predetermined part is not 
connected.) 
(ii) A chord problem with crossed out points representing currents 
used on arcs of D o inside, and a set of labels to be used as chord lengths. 
These are unrelated problems in the sense that a solution of one does 
not depend upon a solution to the other. 
Finally, any solution of (i) paired with any solution of (ii) enables one 
to construct a current graph which solves the related triangular imbedding 
problem as illustrated in 2.10. 
5. CASE 6 
It has been explained in the introduction how the problem is solved 
by finding a triangular imbedding of K12s+s -- Ks in a surface S. We use 
the symbols x, y, and z to identify the exceptional vertices of K12s+6 -- K3 
which are not joined to each other by arcs, and the elements of Z12s+3 
to represent the other vertices. 
A solution for s ~> 3 was found in the spring of 1966, and no changes 
have been made since then in the predetermined part of the current graph. 
However, the related chord and zigzag problems have been solved in a 
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much more expeditious fashion. For example, the chord problem was 
originally solved in four cases depending upon the residue class of 
s modulo 4. A unified solution is presented here. Similar simplifications 
have occurred in the solution of the zigzag problem. We make these 
comments to emphasize a conviction that the solution is not yet in final 
form, and to suggest a further exercise for the reader. 
Heffter [2] solved the problem if s -- 0, and for s -- 1 and 2 we rely 
on Mayer [3]. As a matter of fact, a solution using vortex graph theory 
has been found for s -- 2, but the geometry is quite different from that 
used if s ) 3 and cannot be generalized to deal with larger values of s, 
unless s ~ 2 (mod 3). 
5.1. An Illustration 
A suitable current graph for s = 3 is displayed in Figure 19. Notice 
that the sum of the inward flowing currents at x is 72 = --6 in Z39; 
a ty  it is --75 = 3; and at z, --36 = 3. These sums generate the subgroup 
[0] of Z89 ; moreover all the circuits pass through x, y, and z. Hence V 
of 3.1 is satisfied and these are vortices. We can thus manufacture the 
permutations x, y, and z as was done for x and y in 3.1. 
34 x 1 z 4 7 10 13 25 
0 - - - ~  . . . . . .  ~ . . . . .  ~ . . . . . . .  ~ . . . . . . . .  "~ . . . . .  "~ C 
A[2]-- i 31~"  7 "~ ~3 .~2 
i37 ~ : ~  ,*. A 34,~ . . . . . .  i.7 
E }; 81j "\28 9 7 \m ""'7"'" 
[ ' ] -"  " - 1~ - :/" "o d / - No ,, 112 - D 
34 y 4 7 1 10 1 13 25 
25 16 22 4 37 19 34 
c - - -  _ - . . . . . .  6 . . . .  ,8 . . . .  6 . . . .  , ;  _ . . . . . .  
2a~" "~19 164 )22 " ? '  31~ ~18 lo,l ;:2s 
i , s  2 25 16 22 37 19 34 
F IGURE 19 
We leave it to the reader to check that the current graph also has 
properties I, II, I I I  of 2.1 and IV* of 3.1, and thus, in complete analogy 
with Case 5, determines a triangular scheme for, and hence a triangular 
imbedding of Ka2 -- K3. 
The determination of  a suitable geometry (see 4) presented a major 
problem in this case. For the first time, in addition to ordinary and 
globular rungs, we observe Y-like rungs in the ladder of Figure 19. The 
difficulty arises from the fact that there must be three vortices. Hence, 
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to satisfy V (1) there must be at least three vertices through which all the 
circuits pass. The geometry for cases 3 and 5 is not suitable because there 
are only two such vertices. In Figure 19 there are six vertices atisfying V(1), 
and this will be the case for general s. Exactly three out of the six vertices 
must have neighboring currents so that V(2) is satisfied. In order to 
conform to the duplicate convention wherever possible, we shall keep the 
three vortices close together. 
It should be mentioned that the geometry for Case 6 is suitable for 
Cases 3 and 5. However, because of the simplicity of the solutions 
presented for those cases, no attempt has been made to solve them using 
the geometry designed for Case 6. Such a unification of geometry, however, 
may be desirable. 
5.2. A Geometry for the General Solution 
The geometry consists of a fixed part displayed in Figure 20. 
~]~ 
..,m- . . . .  
FIGURE 20 
The directed arcs in Do, Da, and D2 are coded as in 2.4. The reader 
should draw the circuits. 
To the right of the fixed part will be found 2s -- 6 ordinary rungs, 
2s -- 1 globular ungs, and two inverted Y-like rungs. The order in which 
these appear is not fixed in advance. The complete ladder is of the MSbius 
type, and s ) 4. 
The rotations on each ordinary rung is clockwise at the upper and 
counterclockwise at the lower vertex. The rotations on the globular ungs 
are as in Figure 6. The rotations on the two Y-like rungs are shown in 
Figures 21 and 22. 
['>" I -[~ 
/ 
[2] ~ / x,, - [o] 
FIGURE 2!  
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~]72- - - -~  -,-[o] 
FIGure 22 
Now that the geometry has been displayed it is obvious that property I 
of 2.1 is fulfilled. Moreover the rotations give three circuits regardless of 
the order in which the three types of rungs appear; hence II of 2.1 is 
satisfied. 
Some additional comments on the geometry are pertinent. 
All the circuits pass through four vertices in Figure 20 and two in 
Figure 21. Hence, all these vertices atisfy V (t). 
There are two arcs of Do in Figure 20 and one in Figure 21. The 
remaining 4s -- 2 arcs of  Do are found on the 2s -- 1 globes. 
There are three arcs of D2 in the interior of Figure 20 and two in the 
triangle of Figure 21. The remaining 4s -- 4 arcs of D2 are found on the 
top of the ladder which, it will be recalled, has a total of 4s -- 5 rungs of 
all types to the right of Figure 20. 
There are four arcs of D1 in the interior of Figme 20 and one in the 
triangle of Figure 22. The remaining 4s -- 4 arcs of D1 are found at the 
bottom of the ladder. 
There are three arcs of R o in Figure 20 and three in Figure 22. The 
remaining 2s -- 6 arcs of R o are the 2s -- 6 ordinary rungs. 
There is an arc of Rx(R,.) in Figure 21 (Figure 20) and the remaining 
2s -- l arcs of RI(R2) are found above (below) the 2s -- 1 globes. 
This is therefore a suitable geometry for Case 6. (See Section 4.) 
5.3. The Predetermined Currents 
The currents on the arcs of Figure 20 are found in Figure 23. 
3s+10 
3s+lO 
6s+l  
3s+4 z 4 9s -2  3s -2  9s+4 
9s +1 -3 
6s 
3s'-2 %-2 %+4 
FIgurE 23 
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The sum of the currents flowing into x is 12s + 15 = 12 in Z12s+3, 
and is - -6 at y and z. Hence V(2) is satisfied and these are vortices. 
Elsewhere Kirchhoff's current law holds. 
The currents associated with the arcs of Figure 21 are predetermined. 
The inverted Y will be found in the current graph as in Figure 24a or as 
in Figure 24b. The currents in Figure 24a are repeated in 24b; the basic 
difference is that the positions of 6s § 1 and 12s § 1 are permuted. 
In each figure Kirchhoff's current law holds. 
6s~l  12s+l 12s+l 6s+l  
9s +1 3s +I 
m : L 
6s+l  9s+4 12 s+! 12s+1 9s+4 6s+1 
(a) (b) 
FIGURE 24 
The currents on the arcs of Fig. 22 are also predetermined. The 
inverted Y will be found in the current graph in one of two possible forms 
illustrated in Figure 25. The currents in Figure 25a are repeated in 25b 
and in each case Kirchhoff's current law holds. 
3s+7 
3s+7 3s+4 
(a) 
3s-5  3s -5  3s+7 
3s -5  3-s-5 3s+4 3s+7 
(b) 
FIGURE 25 
The predetermined currents in all the figures have been selected so as to 
satisfy I I I  of  2.1. 
It has been observed in 2.5 that we can require all quotients r to be 
restricted to the range 1 ~< r ~ 2s. We conform to this restriction here, 
and note that the current 6s found on the arc of  R1 in Figure 24a (24b) is 
also found on the arc of  R~ in Figure 23. The other arcs of  R1 and R2 
occur in pairs above and below the 2s -  1 globes. The currents on 
paired arcs will be the same and exhaust he collection 3r, r = 1 ..... 2s --  1. 
These remarks show that the globular quotients are 1 ..... 2s --  I. 
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5.4. The Chord Problem 
Currents Pt = 4, P2s = 6s + 1 and Pa~+l = 9s q- 4 appear on the 
arcs of D O in Figs. 23 and 24. This means that to satisfy I I I  of 2.1 the 
remaining 4s --  2 elements in the coset [1] must appear on the 2s --  t 
globes. These remarks lead to the following chord problem. 
Consider a circle with 4s -}- 1 points P = 0 ..... 4s placed equidistantly 
on its circumference. For  each globular quotient r = 1 ..... 2s --  1 draw 
an associated chord (uv) so that: 
C1. Each point P except P = 1, 2s, 3s + 1 is an end-point of exactly 
one chord. 
C2. I f  (uv) is the chord associated with r, then A(uv) = r. 
We shall dispose of the chord problem immediately. Flatten out the 
circle as shown in Figure 26 crossing out the unavailable points 
P= 1,2s, 3s § 1. 
s+l  2s 3s 3s+]  
9 9 9 9 * 9 9 9 9 9 X 
9 o . o . 9 
9 9 9 9 X 9 9 9 9 9 
s 2 l 0 4s  3s+2 
FIGURE 26 
The chords are shown in Figure 27 for s ~ 3. 
2s-2  
9 T * f " 
FmUR~ 27 
For  each chord (uv) we have h(uv) = Eu - -  v I. 
5.5. The Zigzag Problem 
The data in Figures 23, 24, and 25 show that the elements P~-I = 
3s - -2 ,  P~- - - - -3s+l ,  Ps+l=3sq-4 ,  P3s -x=9s- -2  and Pa~= 9s+ 1 
of the coset [1] are found on the arcs of DI(D2) inside the figures. The 
paired arcs of D1 and D2 to the right of Figure 23 have the current 
Pa~+t = 9s § 4 in accord with the duplicate convention; the paired arcs 
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to the left, Ps+3 = 3s + 10. The remaining elements of  the coset [1], 
namely Pk , 
k = 0 ..... s - -  I, s , s  + 1, s + 2, s + 3,..., 3s -- 1, 3s, 3s 6- 1 ..... 4s 
must appear as currents on paired arcs of  D 1 and D 2 , on the sides of  the 
ladder. 
We have already observed that the globular quotients are 1 ..... 2s -- 1. 
Quotients of  currents to be used on ordinary rungs, called rung quotients, 
are 5 ..... 2s - -  2. The quotients 2, 2s -- 1, 2s(1, 3, 4) must be omitted 
from the collection because the currents 6, 6s --  3, 6s(3, 9, 12) are found 
on the arcs of  R0 in Figure 23 (Figure 25). 
These facts, together with the predetermined data of Figures 24 and 25 
lead to the following zigzag problem: 
Consider a P-axis with points P = 0 ..... 4s and construct a zigzag 
so that: 
Z1. The zigzag begins at P = 3s 6- 1 and terminates at P = s § 3. 
Z2. The zigzag passes through each o f  the points 
P=0, . . . , s - -  1, s , s+ l , s+2,  s+3 ..... 3s - -  1,3s, 3s+ 1 .... ,4s .  
Z3. The labels on the steps are: 
I ..... 2s - -  1 (representing lobular quotients), 
5 ..... 2s --  2 (representing rung quotients), 
4 (on a step spanning P = s --  2 and P = s + 2), 
2s (on a step spanning P = 2s and P = 4s). 
Z4. The label on a step o f  length h is A or sup ,~. 
The "compulsory" step spanning P - s --  2 and P = s + 2 represents 
the inverted Y of  Figure 25. I f  a solution to the zigzag problem takes 
this step by going from P = s -- 2 to P = s 6- 2 then, in constructing the 
current graph, Figure 25b is used. I f  this step is traversed from P = s 6- 2 
to P = s -- 2 then Figure 25a is employed. Analogous comments apply 
to the compulsory step spanning P = 2s and P = 4s, and Figures 24a 
and b. We ask the reader's indulgence if these remarks appear exceptionally 
terse. The construction will be illustrated with an example after the 
zigzag problem has been solved. 
The problem is conveniently summarized in Figure 28, using conventions 
already employed, together with two horizontal lines showing the 
compulsory steps: 
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4 
9 9 9 " . ,  9 X X X 9 ~ . . .  9 e 9 - . -  
0 1 2 s 2s 
F~GUm~ 28 
2s 
9 X X o 9 - , .  9 9 9 
3s 4s 
Labels to be used: 1 ..... 2s --  1; 5 ..... 2s --  2: 4, 2s. 
Our plan is first to use steps labeled 1 ..... 2s (the last on the compulsory 
step spanning P --  2s and P = 4s) to get about half of the zigzag. Then 
the problem is completed using steps labeled 4 (on the remaining com- 
pulsory step) 5 ..... 2s -- 2. 
In the first part we use a simple expanding zigzag, starting at P = 3s --  1 
with a step of length 3 to the left, 4 to the right, 5 left . . . .  and concluding 
with the compulsory step from P --  2s to P - -  4s. 
Next there is a step of length 4s to the left, labeled 1 --  sup 4s, which 
puts us at P --  0. Finally there is a step of length 2 to the right bringing 
us to P 2. With the shtgle exception in regard to the label 1, all these 
steps are labeled by their lengths. The idea is too simple to require a 
special figure. 
These steps contain all the labels 1 ..... 2s -- 1 and it is convenient o 
regard them as dark steps in accord with the convention introduced in 2.9. 
We are now faced with the second part of the problem. Positions 
^ 
available are P= 1 ..... s - -  1, s , s - I  1 , . . . ,2s - -  1. Dots at P - - s - -  l , s ,  
s -! 1 are crossed out as unavailable because of the original data. (See 
Figure 28.) We must start the zigzag at P --  2 (where the first part ended) 
terminate at P = s + 3 (given by the original data) and use the labels 4 
(on the compulsory step spanning P = s --  2 and P = s + 2) 5 ..... 2s --  2. 
These data are summarized in Figure 29: 
4 
e o 9 . . .  e X X X 9 '~ 9 . . .  o o 9 
I 2 3 :~ 2s - I  
F IGURE 29  
Labels to be used: 5, 6 ..... 2s - -  2; 4. 
A solution is to zigzag (first to the right, then left) in groups of four 
steps using what Richard Guy has aptly called a fox-trot cadence. The 
lengths of the steps are 
2s - -4  2s - -  3 2s - -  2 2s - -  5 
2s - -  8 2s - -  7 2s - -  6 2s - -  9 
2s - -  12 2s - -  11 2s - -  10 2s - -  13. 
9 , 9 , ~ 9 ~ 9 ~ , 
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If s is even, then the pattern remains the same to the end except that 3 
(the normally concluding step) is not available, and we conclude with 4 5 6. 
If s is odd, then the cadence alters with the five smallest numbers 
and becomes 7 8 6 4 5. 
Without exception, each step is labeled by its length. 
Details are shown for s = 8 and 9 in Figures 30 and 31. 
4 
1 15 
9 o 9 9 9 9 X X X 9 ~ 9 9 9 9 
o 12 
[ 14 
I I  
] 
[ lo 
F IGURE 30  
1 
9 O 9 9 9 9 9 X 
o 
4 
17 
X X e ~ e o o o e  
14 
15 ] 
16 
13 
10 
,i I 
12 
9 
I 6 
4 I 
k s ,. 
F IGURE 31 
Using the solutions of the chord and zigzag problems we can construct 
a current graph for K1~+6 --/(3 satisfying I, II, III of 2.1 and IV*, V of 3.1, 
and thus solve the imbedding problem. 
Consider the following example with s = 4. We use the solution of the 
zigzag problem to get the alternating sequence: 
P13 3 Plo 4 P14 5 P9 6 Px5 7 P, 8 PI~ 1 Po 2 
P2 4 P6 5 Px 6 Pr 
582/8/2-5 
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The numbers in bold face type represent globular quotients. Each of 
the two triples consisting of two P's in bold lace type with a quotient 
between represents one of the compulsory steps. 
To manufacture the current graph start with Figure 23 for s - - -4 ,  
To the right place five globular ungs, then the inverted Y of Figure 24a, 
followed by two more globular rungs. Next place the inverted Y of 
Figure 25a followed by two ordinary rungs. All this is determined by the 
alternating sequence. 
Following precisely the detailed instructions in 2.10, the alternating 
sequence nables us to place currents on all arcs except those on globes. 
These are obtained from the solution to the chord problem. We record 
the solution, using the globular quotients in the order in which they are 
found in the partly completed current graph. In addition, if (uv) is a 
chord labeled r, we write Pu r Pv (or P~. r P,,) depending upon whether Pv 
(or P,,) is to be placed on the circular arc to the right of the vertical, 
(see the placement rute of 2.10). 
P14 3 Pn ; Pa 4 P7 ; Pla 5 Pl0 : P6 6 Pl~ ; 
P167Pg; P4 1 Pa; P02P" .  
The reader should have no difficulty now in completing the current 
graph, and is advised to do so. 
The inverted Y of Figure 25a was used because the zigzag for a -- 4 
used the compulsory step labeled 8 from P = 8 to P = 16, and Figure 25a 
fits this situation with the current P8 to the left and P16 to the right of the Y. 
Had the zigzag used the step from P = 16 to P = 8 we would have used 
Figure 25b. 
It should be noted that in our solution the compulsory step labeled 2s 
is always taken from P = 2s to P = 4s; thus Figure 24b is not used. 
The compulsory step of length 4 is taken from P = s -- 2 to P = s + 2 
(from P=s+ 2 to P=s- -2 )  if s is even (odd). Hence, when 
constructing the current graph, Figure 24b is used if s is even, and 24a if s 
is odd. 
6. CASE 9 
The problem is to find a triangular imbedding of K12.~+9- Ka in a 
surface S. We use the symbols x, y, and z to identify the vertices of 
K1~.~+9 -- Ka which are not joined to each other by arcs, and the elements 
of ZI2~+6 to represent the other vertices. 
Solutions for many small values of s were discovered uring the spring 
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of 1965, but the first complete solution (unpublished) was due to Gustin, 
whose praiseworthy accomplishments in the area have been noted here 
and elsewhere. 
The solution we shall present differs from Gustin's in that the prede- 
termined part is shorter and independent of the parity of s. The resulting 
chord problem has a simpler solution than his, which is in two parts, 
but the solution to the zigzag problem enjoys no such advantage. It is 
hoped that he can be persuaded to publish his solution, predating ours 
by three years. 
It has been observed, in Case 6, that an appropriate current graph may 
not exist for excessively small values ofs. We solve the imbedding problem 
in Case 9 for all positive integers . If s = 0 we rely on Heffter [2]. 
It should be mentioned that the Heawood conjecture for Case 9 has 
been solved by Ringel and Youngs [8] if s is even by an index 2 argument. 
The graph employed in the regular part of the problem, however, is not 
(and cannot be) K12s+9 -- Ka. 
6.1. An Illustration 
It is a simple matter to check that the current graph of Figure 32 
for s = 1 has properties I, II, III of 2.1 and IV*, V of 3.1. Hence, by 
manufacturing permutations x, y, and z (as for x and y in 3.1) it gives a 
triangular scheme for K12s+9 -- Ka, s = 1. 
I0 I 16 I y 13 7 I0 
~-T  . . . . . . .  @ ,:, "~,7 . . . . . . .  ,0: ~, ~, ~  .. . . . .  ?~-- - -~ 
9 "" . . . . .  " '" . . . .  " 
BE29 ~ . - . . . . .  : . .  _1. !' . 1 3 !~ 
10 16 x 4 z 4 13 7 10 
FlGURE 32 
The presence of three undirected arcs with current 9 may be puzzling. 
These are singular arcs (see [12], [10]) or loops and have only one vertex. 
Their role in the permutations i illustrated by stating, as an example, 
that the part of the permutation [0] in the vicinity of 9 is . . . .  6 9 3 .. . .  
6.2. A Geometry for the General Solution 
For general s it suffices to construct a current graph (with three 
vortices) satisfying I, II, III, IV*, and V. 
The part with predetermined currents is displayed in Figure 33. 
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3s+l 9s+4 1 x 9s+4 
e,'f:: . . . .  ? . . . . . . .  T . . . . . . . .  " 
6s+3 13s+3 
6 s+3.--1~ i3s -2  
3s 
3s+l i 9s+7 
FIGURE 33 
y 3s+4 
i --- [o] 
i, 
- 6s+3 
i _ I ~.[ol 
z 9s 7 " 3s~4 
To the right there will be a ladder with 2s globular and 2s - -  2 ordinary 
rungs, with rotations as in Case 6. This time, however, the ladder is 
cylindrical. It is easy to see that [ and I[ hold and that this is a suitable 
geometry (see 4). Moreover, II I, IV*, and V hold in the predetermined 
part. As in the other cases we shall solve a chord and a zigzag problem 
to ensure that I I I  and IV* hold in the complete ladder. 
6.3. The Chord Problem 
Since P0 and Ps-1 appear on the arcs of Do in Fig. 33, the other 
4s elements of the coset [1] must appear on the 4s circular arcs of the 
2s globes. Because 6s + 3 is used as a current on the singular arcs embraced 
by the circuits [1] and [2] the elements 3r, r = 1 ..... 2s of the coset [0] 
will appear on the globular ungs. Thus the globular quotients are 1 ..... 2s. 
This leads to the following chord problem. 
Consider a circle with 4s --  2 points P --  0 ..... 4s + 1 placed equidi- 
stantly on its circumference. For each globular quotient r = 1 ..... 2s 
draw an associated chord (uv) so that, 
C1. Each point P except P = O, s -- 1 is an end-point qf  exactly one 
chord. 
C2. I f  (uv) is the chord associated with r then A(uv) = r. 
Flatten out the circle so as to get Figure 34, crossing out the unavailable 
points P = 0, s -- 1. 
1 2 s-1 s 2s 2s+l 
9 9 X 9 9 9 9 9 
X 9 9 9 9 9 9 9 
0 4s,1 3s 3 2 s*2 
F IGURE 34  
The chords are shown in Figure 35 for s >; 2. 
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! 
2s -1  
FIGURE 35 
6.4. The Zigzag Problem 
The current Ps+l appears on the right of  the predetermined part 
(see Figure 33) and Ps at the left. This means that the zigzag will begin at 
P = s § 1 and end at P ----- s. The currents P0, Pss§  , and Pz~+2 are found 
inside, on arcs of  D1 and also on arcs of D 2 . Hence the points P = 0, 
3s -t- 1, 3s -5 2 must be crossed out as unavailable. Currents on arcs of  R0 
inside Figure 33 have quotients and s § 1 while 6s -}- 3 appears on the 
singular arc. Hence rung quotients to be used outside the predetermined 
^ 
part are 1,..., s, s -? 1 ..... 2s. We have observed in 6.3 that the globular 
quotients are 1 ..... 2s. We can now formally state the zigzag problem 
given by the predetermined part. 
Consider a P axis with points P ~ 0 ..... 4s and construct a zigzag 
so that: 
Z1. The zigzag begins at P = s -b 1 and terminates at P = s. 
Z2. The zigzag passes through each o f  the points 
P = 0 ..... s , s -b  1 ..... 3s-b 1, 3s -b 2,...,4s. 
Z3. The labels on the steps are: 
1 ..... 2s (representing globular quotients), 
1 .... , s, s -b 1 .... ,2s  (representing rung quotients). 
Z4. The label on a step o f  length 2t is ~ or sup/~ = 4s + 2 --  ,L 
The problem is summarized in Figure 36. 
0 s 2s 3s 4s 
X 9 . ' "  9 u o 9 . . .  9 e 9 . . .  m 9 X X " ' "  9 9 
FIGURE 36 
^ A 
Labels to be used: 1 ..... 2s; 1 ..... s, s -? 1 ..... 2s. 
The solutions for s = 2 through s = 6 are irregular and, rather than 
draft all the zigzag diagrams, we shall record the solutions in terms of  the 
equivalent alternating sequences (see 2.9). The reader is urged to draw 
the equivalent zigzags. 
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As usual, globular quotients are printed in bold face type: 
s -~2 
Pa lP42PG3P94P~4P11 P2 
s~3 
P4 2 P2 3 P5 4 P1 5 P6 6 P12 1 P13 6 P7 2 P9 1 P8 5 Pa 
s~4 
P5 2 Pa 3 P6 4 Pz 5 P7 6 PI 7 Ps 8 P16 1 P17 8 P9 6 P15 
3 Plz 2 Px0 1 P11 7 P4 
Note that the globular quotients are arranged very regularly for 
s -- 3 and 4. The same pattern occurs for larger s. We record the alter- 
nating sequence for s = 5 and 6 beginning with the current P4s+1 which 
follows the last globular quotient, 1: 
s=5 
P21 l0 Pn 8 P19 7 P12 1 Pla 2 P15 3 P18 4 P14 9 P5 
s==6 
P25 12 Pla 10 P2a 9 P14 8 P22 4 P18 3 P21 5 P16 1 P15 
2 P17 11 P6 
From now on we shall confine our attention to s ) 7. Generalizing 
from the above solutions we first use a simple zigzag employing steps 
of length 2 (to the left) 3 ..... 2s -  1 in succession, followed by lengths 
of 2s and 1 to the right, to get to P = 4s 4- 1. All these steps are labeled 
by their lengths and may be regarded as dark steps (see 2.9). 
The examples also suggest hat we use a final step of length 2s -- 1 
(and so labeled) to get from P = 3s -- 1 to P = s. We propose to use 
this hint. 
This means that we are left with the second half of a zigzag problem 
summarized in Figure 37. In solving the problem we shall label each step 
by its length. 
2s+1 3s 4s 
9 9 9 . ' "  9 9 Y 9 X • 9 9 ' ' "  ,~ 9 X o 
F IGURE 37  
^ A A 
Labels to be used:l  ..... s , s§  .... ,2s - - l ,2s .  
A simple contracting zigzag is first employed, starting with a step of 
length 2s to the left, then 2s -- 2 to the right (fortunately 2s -- 1 is not 
available), and telescoping down through steps of length 2s -- 3 ..... s 4- 2. 
This is a natural place to pause and survey the situation, since steps 
of length s 4- 1 and s are not permitted. 
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If  s = 2t then a direct computat ion shows that the pause occurs under 
P=7t+ 1. Take a step of  length s - -  1 =2t - -  1 to the left (to 
P ---- 5t + 2), fol lowed by 2 left and 1 right. Halt  at this position, namely, 
P = 5t + 1. Steps which must be used later have lengths 3 ..... s - -  2. 
I f  s = 2t - -  1, then the pause occurs under P ---- 5t - -  3. Take a step 
of  length 2 to the right to P = 5t - -  1, fol lowed by 1 left. Halt  here at 
P = 5t - -  2. Steps which must be used later have lengths 3 ..... s - -  1. 
The reader is urged to draw the diagrams for s = 7 through 10. 
I f  s = 2t the final zigzag problem is now as follows. Posit ions available 
are P= 5t + 1 ..... 7t, except P---- 5 t - r2 ,  3s+ 1 = 6t + 1 and 
3s + 2 = 6t -/- 2. We must continue the zigzag, starting at P = 5t + 1, 
terminating at P - - - -3s -  1 = 6t -  1, using steps with lengths 3 ..... 
s - -  2 ----- 2 t - -  2. 
I f  s=:2t - -1 ,  then posit ions available are P~- -5 t - -2  ..... 7 t - -3  
except P= 5t - -  1, 3s+ 1 - - - -6 t - -2  and 3s+2= 6t - -  1. We 
must continue the zigzag, starting at P = 5t -  2, terminating at 
P = 3s - -  1 = 6t - -  4, using steps with lengths 3 ..... s - -  1 ---- 2t - -  2. 
And now we observe a rather happy state of affairs. The step lengths 
to be employed are independent of  the parity of  s. Moreover, it is clear 
that if we can obtain a solution to this final problem for s = 2t then on 
replacing P ---- k by P = k - -  3, k ---- 5t + I ..... 7t, we get a solution 
to the final problem for s = 2t - -  1. This unification permits us to proceed 
with s = 2t (t ~> 4) withoutspecia l  mention ors  ---- 2t - -  1. 
The final data are summarized in Figure 38. 
5t+1 6et 7t. 
0 X 9 9 ' ' '  9 9 ~ X X 9 9 ' ' '  9 9 9 
FIGURE 38 
Labels to be used: 3 ..... 2t - -  2. 
We conclude, as in Case 6, with bars of  a fox-trot cadence using steps 
with lengths 
2 t - -2  2 t - -  5 2 t - -  4 2 t - -  3 
2 t - -6  2 t - -  9 2 t - -  8 2 t - -  7 
2 t - -  10 2 t - -  13 2 t - -  12 2 t - -  11 
The pattern varies only if t is odd, and then only for the six smallest 
numbers, where the cadence becomes 
8 6 7 5 3 4 
(Sometimes these last six terms are said to constitute two bars of  a waltz.) 
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Details are shown for t = 8 and 9 in Figures 39 and 40. 
41 48 56 
o X 9 9 9 9 u 9 X X 9 o 9 e 9 9 
]4 
o 
I 12 
[ ~0 
7 I 
[ 8 
9 1 
14  
9 5 [ 
FIGURE 39 
0 X 9 
o 
54 63 
o e e o Y o X X o o e o o o e  
16 
13 I 
I 14 
12 
15 
[ 1o 
11 1 
I 7 
5 I 
13  
' 1 
FIGURE 40 
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